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Abstract
The Ritus’ Ep eigenfunction method is extended to the case of
spin-1 charged particles in a constant electromagnetic field and used to
calculate the one-loop neutrino self-energy in the strong-field approx-
imation m2e ≪ eB ≪ M2W . The implications of the obtained results
for neutrino oscillations in the early Universe, assuming the existence
of a sufficiently large (m2e ≪ eB ≪ m2µ) primordial magnetic field, are
discussed.
The diagonalization, structure and properties of the Green’s functions
of the electron and photon in an intense magnetic field were considered ex-
actly in external and radiative fields by Ritus in Refs. [1] and [2]. Ritus’
formulation provides an alternative method to the Schwinger approach to
address QFT problems on electromagnetic backgrounds. In Ritus’ approach
the transformation to momentum space of the spin-1/2 particle Green’s func-
tion in the presence of a constant magnetic field is carried out using the Ep(x)
functions[1],[2] corresponding to the eigenfunctions of the spin-1/2 charged
particles in the electromagnetic background. The Ep(x) functions plays the
role, in the presence of magnetic fields, of the usual Fourier eipx functions of
the free case. This method is very convenient for strong-field calculations,
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where the Lower Landau Level (LLL) approximation is plausible and for
finite temperature calculations.
In this work we extend Ritus’ method to the case of the spin-1 charged
particle. This extension permits to obtain a diagonal in momentum-space
Green’s function for the spin-1 charged particle in the presence of a constant
magnetic field. Our results are important to investigate the behavior of W-
bosons in strong magnetic fields in the electroweak theory.
Starting from the Green’s function equation for the W-bosons in the
presence of constant magnetic field [3]
[(
Π2 +M2W
)
δµν − 2ieF µ ν + (
1
αW
− 1)ΠµΠν
]
Gµ
ν(x, y) = δ(4)(x, y) (1)
where Πµ is given by
Πµ = −i∂µ − eAextµ , µ = 0, 1, 2, 3 (2)
with the potential in the Landau gauge
Aextµ = Bx1δµ2 (3)
corresponding to a constant magnetic field of strength B directed along the
z direction in the rest frame of the system; we find that the functions playing
the role of the Ep(x) functions for the spin-1/2 case are[4]
Γαk µ (x) = P
µ
γFk (x)P
−1γ
α (4)
with
P µ α =
1√
2


√
2 0 0 0
0 1 1 0
0 i −i 0
0 0 0
√
2

 , (5)
[Fk (x)]α
β =
∑
η=0,±1
Fkη(x)
[
Ω(η)
]
α
β, (6)
Ω(η) = diag(δη,0, δη,1, δη,−1, δη,0), η = 0,±1 (7)
and
2
Fkη(x) = N(n)e
i(p0x0+p2x2+p3x3)Dn(ξ) (8)
with N(n) a normalization factor and Dn(ξ) the parabolic cylinder functions.
With the transformation functions (4) the W-boson Green’s function in
a constant magnetic field can be written as the following diagonal function
of momenta
GF (k, k
′)µ
ν =
∑
m
∫
d4k
(2π)4
Γαk µ (x)
δα
β
k
2
+M2W
Γ†kβ
ν(y) = (2π)4 δ̂
(4)
(k−k′) δµ
ν
k
2
+M2W
(9)
The eigenvalue k
2
is given by
k
2
= −k20 + k23 + 2(m − 1/2)eB, m = 0, 1, 2, ... (10)
where m are the Landau numbers of the energy spectrum of the W bosons
in the presence of the magnetic field and δ̂
(4)
(k− k′) ≡ δmm′δ(k0− k′0)δ(k2−
k′2)δ(k3 − k′3).
It is known that to lowest order, the neutrino self-energy in a magnetic
field is given by the bubble diagram arising from the e − W loop. Then,
to calculate the neutrino self-energy in the one-loop approximation we start
from the expression
Σ(x, y) =
ig2
2
RγµS(x, y)γ
νGF (x, y)ν
µL (11)
where L,R = 1
2
(1 ± γ5), GF (x, y)ν µ is the W-boson Green’s function (9),
and S(x, y) is the electron Green’s function in the presence of a constant
magnetic field[1]
S(x, y) =
∑
l
∫
d4q
(2π)4
Eq (x)
1
γ.q +me
Eq(y) (12)
where
qµ =
(
q0, 0,−sgn (eB)
√
2 |eB| l, q3
)
, l = 0, 1, 2, ... (13)
The integer l in Eq. (13) labels the electron Landau levels.
We will assume from now on that the magnetic field strength is in the
range m2e ≪ eB ≪ M2W . This approximation for the magnetic field is what
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we call the strong magnetic field approximation. Since in this case the gap
between the electron Landau-levels is larger than the electron mass square
(eB ≫ m2e), we are allowed to use the LLL approximation for the electron
(i.e. l = 0). On the other hand, it is obvious that such approximation will
not be valid for the W-bosons, so for them we are bound to maintain the
sum in all Landau levels. Thus, in this approximation we have
(2π)4 δ(4)(p− p′)Σ(p) = −ig
2
2
∫
d4xd4y
∫
d4q
∑
m
∫
d4k
e−i(p.x−p
′.y)
(q2 +m2e)(k
2
+M2W )
{
q
q
· γq (Im−2,0 (x)I∗m−2,0 (y) + Im,0 (x)I∗m,0 (y))∆(−)L
+ qµǫ
1µ2νγνγ
5
(
Im−2,0 (x)I
∗
m−2,0 (y)− Im,0 (x)I∗m,0 (y)
)
∆(−)L} (14)
In Eq. (14) we are using the notation
Ia,b(x) = Fa (x)Eb(x) (15)
where Fa (x) = Fkη(x) and Eb(x) = Epσ(x). In (14) the subindexes a and
b were already written in terms of the Landau levels for the W-bosons (m)
and electrons (l = 0). The matrix ∆ (−) is given by ∆(−) = diag(0, 1, 0, 1).
After performing the integrations and sum in Eq. (14) we end with the
following compact expression for the neutrino self-energy in the strong field
approximation
Σ(p) =
[
ap/
q
+ bu/ + cB̂/
]
L (16)
In (16) the coefficients a, b and c are Lorentz-invariant functions which de-
pend on the momentum and magnetic field. Their leading contributions in
powers of 1/M2W are given by
a =
g2
(4π)2
λ, b = aχp, c = aωp (17)
where
λ =
|eB|
M2W
, ωp = p · u, χp = p · B̂ (18)
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The Lorentz scalars ωp and χp, as well as the structures associated to the
coefficients b and c, depend on the four-velocity uµ (where uµu
µ = 1, and uµ =
(1, 0, 0, 0) in the rest frame ) and the unit vector along the external magnetic
field B̂ =
−→
B /
∣∣∣−→B ∣∣∣, respectively. The appearance of these two vectors is
due to the fact that the external magnetic field introduces a special Lorentz
frame, the rest frame where the applied field is defined, and a specialized
direction, the direction of the applied field. These two vectors (uµ and B̂)
introduce additional structures in the neutrino self-energy as compared to
the case at B = 0.
We stress that in the strong-field approximation, the parallel (p
q
), and
perpendicular (p⊥), momenta behave quite differently. Thus, a strong mag-
netic field yields an anisotropy in the neutrino propagation which leads to
a neutrino self-energy mainly depending on the momenta parallel to the ap-
plied field (16)-(18). This deviation from the vacuum mass shell condition
p2
q
= −p2⊥ can have interesting consequences. For the case of neutrino prop-
agation in a magnetized medium, a self-energy structure similar to (16) has
been reported [5]. However, in that case [5], the coefficients a and b are pro-
portional to the electron and positron densities which are functions of the
electron chemical potential.
We would like to finish discussing some possible physical implications of
our results. We are particularly interested in their applications to neutrino
oscillations in the early Universe. The effect of external magnetic fields on
neutrino propagation has recently received increasing attention. Its possible
application to astrophysics, where fields of the order of 1013 G, and even
larger [6], can be expected in supernova collapse and neutron stars, makes
this subject worth of detailed investigation. On the other hand, taking into
account the recent observations of large-scale magnetic fields in a number of
galaxies, in galactic halos, and in clusters of galaxies [7], compelling argu-
ments have been given in favor of the existence of strong primordial magnetic
fields (i.e. fields of the order of 1024 G at the electroweak scale). Therefore,
it is also of interest to study how such strong fields could modify the neutrino
propagation in the early Universe and to investigate their possible influence
in neutrino oscillations at those epochs [8].
In the work we are reporting we calculate the zero temperature, zero
density (µ = 0) contribution of the neutrino self-energy at strong magnetic
fields (m2e ≪ eB ≪ M2W , where me is the electron mass and MW is the
W-boson mass). As discussed in ref. [4], such strong fields can be expected
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to exist in the neutrino decoupling era.
The neutrino self-energy (16), although independent of the mass of the
charged lepton, may contribute to the neutrino oscillation through the fol-
lowing new mechanism: For flavor oscillations it is well known that any
variation in the dispersion relations corresponding to neutrinos with differ-
ent flavors is significative. For magnetic fields m2e ≪ eB ≪ m2µ, M2W (mµ
is the muon mass), the muon-neutrino self-energy, which corresponds to the
weak-field approximation [5], [3] (eB ≪ m2µ), is analytically different from
the one we are reporting for the electron-neutrino, which corresponds to the
strong-field approximation (m2e ≪ eB). Hence, the corresponding dispersion
relations associated to these two different flavors (electron and muon) will be
significantly different, thus contributing to the oscillation process.
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